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Bell’s Theorem for Everyone

Reality isn’t what it seems



Outline 

• Einstein:  Reality and its relationship with physical theories  

• Quantum description of an electrons spin 

• Quantum description of two electrons: Entanglement  

• EPR “Paradox”: Einstein - Bohr Debate  

• Bell’s Contribution: Turning a philosophical debate into an experiment question 

• A more powerful and easier to understand version of Bell’s theorem by:  Greenberger, Horne, Shimony 
and Zeilinger 

• Conclusion? 



Where it all began



EPR: The Philosophical Point of View
Relationship between the physical world and its 
description by our theories



EPR: Criterion of a successful theory 



EPR: What is a Complete Theory 



EPR: Physical Reality

• If, without in any way disturbing the system, we can predict with certainty (i.e., with 
probability equal to unity) the value of a physical quantity, then there exists an element 
of reality corresponding to this physical quantity.


A. The world can correctly be analyzed in terms of distinct and separately existing 
"elements of reality.”   


B. Every one of these elements must be a counterpart of a precisely defined 
mathematical quantity appearing in a complete theory. 

The Two main points: David Bohm’s analysis (from his book QM)



Bare minimum needed to understand EPR

Quantum Mechanics - 1 

• A state of the system is described by a vector in an abstract space

|ω >

• Since a state is a vector therefore if |ε > is another possible state of the
system then

c1|ω > +c2|ε >

is also a possible state of the system.

• The states encode the observable properties of the system in their behavior
under linear maps.

• For every observable property S of the system there is a map Ŝ and special
states with the property

Ŝ|S >= s|S >

where s is the value of the property S as measured in an experiment.
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Spin half particles

Quantum Mechanics - 2

• A state of the system is described by a vector in an abstract space

|ω >

• Since a state is a vector therefore if |ε > is another possible state of the
system then

c1|ω > +c2|ε >

is also a possible state of the system.

• The states encode the observable properties of the system in their behavior
under linear maps.

• For every observable property S of the system there is a map Ŝ and special
states with the property

Ŝ|S >= s|S >

where s is the value of the property S as measured in an experiment.

• To describe the spin along the z axis for a particle like an electron, we
have a map Ŝz and two special states

Ŝz| →>=
1

2
⊋| →>

Ŝz| ↑>= ↓1

2
⊋| ↑>

• Any other state can be written as

|ω >= c1| →> +c2| ↑>

• If we measure the spin along z axis then there is |c1|2 probability that it
will be 1

2⊋ and |c2|2 probability that it will be ↓ 1
2⊋.
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Entangled states

Quantum Mechanics - 3 

• A state of the system is described by a vector in an abstract space

|ω >

• Since a state is a vector therefore if |ε > is another possible state of the
system then

c1|ω > +c2|ε >

is also a possible state of the system.

• The states encode the observable properties of the system in their behavior
under linear maps.

• For every observable property S of the system there is a map Ŝ and special
states with the property

Ŝ|S >= s|S >

where s is the value of the property S as measured in an experiment.

• To describe the spin along the z axis for a particle like an electron, we
have a map Ŝz and two special states

Ŝz| →>=
1

2
⊋| →>

Ŝz| ↑>= ↓1

2
⊋| ↑>

• Any other state can be written as

|ω >= c1| →> +c2| ↑>

• If we measure the spin along z axis then there is |c1|2 probability that it
will be 1

2⊋ and |c2|2 probability that it will be ↓ 1
2⊋.

State vector of a “molecule” with zero spin that is made of two spin-half “atoms”
A and B :

|E >=
1↔
2
(| →>A | ↑>B ↓| ↑>A | →>B)

• A general state vector of the moleculue is a linear combination of pair of
vectors

{| →>A | →>B , | →>A | ↑>B , | ↑>A | →>B , | ↑>A | ↑>B}

• The molecule in state |E > has a well defined value of spin along z direc-
tion, which is zero but the atom A and B do not have a definite value of
spin along z direction.
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Bohm’s Version

EPR Experiment

Alice Bob

ϕ

Source

ZA

XA

ZB

XB

• If you measure particle A and find it spinning "down," particle B 
will definitely be spinning “up" 

• If you measure particle A and find it spinning "up," particle B 
will definitely be spinning “down” 

• If you measure particle A and find it spinning "right," particle B 
will definitely be spinning "left" 

• If you measure particle A and find it spinning "left," particle B 
will definitely be spinning "right"

Entangled states

|E > =
1→
2
(| ↑>A | ↓>B ↔| ↓>A | ↑>B)

|E > =
1→
2
(|+ x̂ >A |↔ x̂ >B ↔|↔ x̂ >A |+ x̂ >)



Einstein Bohr Debate - 1

Since A has in no way disturbed particle B, then 
this feature, spin down, must be an element of 
physical reality. Therefore having spin down is a 
property of the particle B itself, and cannot 
have been produced by any measurement we 
made on particle A . Therefore B must have 
come away from the point of interaction, the 
decay point, with spin down. 

Similarly if we measure the spin along x axis 
them B must also have come with the spin 
along the plus or minus x axis. Therefore spin 
along x axis too is an element of reality, and B 
must have come with a definite value of spin 
along x axis. 

But quantum mechanical description has no 
state in which particle has a definite value of 
spin along z axis and spin along x axis. The 
quantum mechanical description is incomplete 

If one measures the spin of particle A, far 
from the decay point, and finds spin up, 
say, then one knows with certainty that 
particle B, which is far away, has spin 
down. 

Einstein

The spin of particle B is indeterminate until the spin of particle A is 
measured, as until then it was in a superposition of states up and 
down, and one could in principle have interference between the 
possibilities. 

After the measurement the superimposed state collapsed into the 
state with with A up and B down.

Bohr

Entangled states

|E > =
1→
2
(| ↑>A | ↓>B ↔| ↓>A | ↑>B)

|E > =
1→
2
(|+ x̂ >A |↔ x̂ >B ↔|↔ x̂ >A |+ x̂ >)



Einstein Bohr Debate - 2

Einstein to Bohr 

“Spooky action at distance”

Bohr to Einstein

No, its true that the superposition extends indefinitely but 
measurements by B will only reveal a statistical distribution, (in 
this case 50% up 50% down), but this statistical distribution is 
independent of what A does, so it cannot be used to send 
any signal. Its only when A  and B meet that they will find there 
is a correlation in their measurements. 

But still there has to be a causal mechanism …. Causality is “unspeakable “ in quantum mechanics 



The difference between the two points of view had no experimental consequences.

Just a Philosophical Debate?

Bell’s theorem changed this … 

5. Clocks, GPS and black holes

Readings

• Richard P. Feynman, The Character of Physical Law. Originally published in 1965
by MIT Press.

Based on the Messenger Lectures delivered at Cornell University in 1964. Video
version available here.

• Tim Maudlin, Philosophy of Physics: Space and Time. Princeton University Press,
2012.

A clear and accessible introduction to the philosophical and conceptual foundations
of space and time.

3.2 Quantum Mechanics and Reality

In the second part of the course, we will go through some experiments that will challenge
all that we have learned in the first part, and we will be forced to question the intuitive
idea of reality that we hold.

1. Two experiments with one electron

2. One experiment with two electrons

3. Quantum mechanics

4. Einstein’s objection to quantum mechanics: EPR paradox

5. Bell’s theorem and the answer to: Is the Moon There When Nobody Looks?

Readings

• John S. Bell, Speakable and Unspeakable in Quantum Mechanics: Collected Papers
on Quantum Philosophy. Cambridge University Press, 1987 (2nd ed. 2004).

– Speakable and Unspeakable in Quantum Mechanics

– Bertlmann’s Socks and the Nature of Reality

These two essays for laypeople are strongly recommended. Bell was deeply influenced
by Einstein’s view of reality and wanted to confirm that the view was correct, but
Bell’s own work proved that the universe as we know it, does not follow Einstein’s
idea of reality. His essays are poignant and lyrical and are great examples of how
science is practiced by some of the most original thinkers of our time.
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A more powerful and easier to understand version : GHZ and GHSZ 
Greenberger, Horne, Zeilinger, and Greenberger, Horne, Shimony, Zeilinger 
Coleman’s version

Going Beyond Bell’s Theorem
Here we have a drawing of space-time. It’s really four

dimensional, but due to budgetary constraints I’ve had
to represent it as a two-dimensional object. The scale has
been chosen so that time t is measured in years and x in
light-years, therefore the paths of light rays are 45-degree
lines.

Now let’s consider two measurements on possibly two
different systems done in two regions A and B—forget B’
for the moment, its role will emerge later. Thus these
black dots represent actually substantial regions in space
time, during which an experiment has been conducted.

Now one thing Dr. Diehard will have to admit is that
although the results of an experiment in A may interfere
with an experiment in B, the results of an experiment in
B can hardly interfere with the results of an experiment
in A unless information can travel backwards in time,
which we will assume he does not accept. That’s because
A is over and done with and its results recorded in the
log book before B occurs.

On the other hand, if we imagine another Lorentz ob-
server with another coordinate system, B will appear as
B’ here. B and B’, as you can see by eyeball, are on
the same space-like hyperbola—there is a Lorentz trans-
formation that leaves A at the origin of coordinates un-
changed and turns B into B’. B and B’ are space-like
separated from A. A light signal cannot get from A to B,
and nothing traveling slower than the speed of light can
get from A to B.

Now that second Lorentz observer would give the same
argument I gave, except he would interchange the roles
of A and B’. He would say the results of an experiment
at A cannot interfere with the act of doing an experiment
at B’ because B’ is earlier than A. But B’ is B, just B
seen by a different observer.

Therefore, if you believe in the principal of Lorentz
invariance, and if you believe you cannot send informa-
tion backwards in time, you have to conclude that ex-
periments done at space-like separated locations suffi-
ciently far apart from each other cannot interfere with
each other. It can’t matter what order you ask the ques-
tions if this question is being asked of an earthman and
this one of an inhabitant of the Andromeda Nebula, and
they’re both being asked today.

Are there any questions about this? This is the
groundwork from which the rest will proceed.

On everything else we accept the Diehard position.
Now here is the experimental proposal—this is a drawing
from an imaginary proposal to the Department of En-
ergy for the Diehard experiment. Three of Dr. Diehard’s
graduate students are assigned to experimental stations,
as you see from the scale they are several light-minutes
from each other. The graduate students, with lack of
imagination, are called numbers 1, 2, and 3. They’re al-
most as old as Dr. Diehard—it’s difficult to get a thesis
under him.

They are informed that once a minute something will
be sent from a mysterious central station to each of
the three Diehard teams—what something is, they don’t
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Fig. 1: The Diehard Proposal (1” = 1 light minute)
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Fig. 2: The Acme “Little Wonder” Dual Cryptometer

know. However, they’re armed with measuring devices
whose structure they again do not know. They are called
dual cryptometers because they can measure each of two
things, but what those two things are nobody knows—at
least the Diehards don’t know. They can turn a switch to
either measure A or measure B. They make this decision
once a minute shortly before the announced time of the
signal, and sure enough, a light bulb lights up that says
either A is +1 or A is −1 if they are measuring A, or the
same thing for B. They have no idea what A or B is.
It’s possible the central station is sending them elemen-
tary particles. It’s possible the central station is sending
them blood samples, which they have the choice of an-
alyzing for either high blood cholesterol or high blood
glucose. It is possible the whole thing is a hoax, there
is no central station, and a small digital computer inside
the cryptometer is making the lights go on and off. They
do not know.

In this way, however, they obtain a sequence of mea-
surements, which they record as this. [Coleman points
to Slide 11.] The first line means observer 1 has decided
to measure A and obtained the result +1; observer 2 has
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Result of the Experiment 

The Experiment: Realistic Analysis

The result of the experiments done millions of time revel that whenever one A and two

B’s are measured the result is always:

A1B2B3 = +1

B1A2B3 = +1

B1B2A3 = +1

According to the realistic interpretation the experiments are reveling the preexisting
properties of the quantities A and B carried by the particles. Therefore

(A1B2B3) (B1A2B3) (B1B2A3) = +1

A1B2B2B3B3A2B1B1A3 = +1

A1 (B2)
2 (B3)

2 A2 (B1)
2 A3 = +1

Using (B1)
2 = (B2)

2 = (B3)
2 = 1 realists make a prediction:

A1A2A3 = +1



Realist Analysis
The Experiment: Realistic Analysis

The result of the experiments done millions of time revel that whenever one A and two

B’s are measured the result is always:

A1B2B3 = +1

B1A2B3 = +1

B1B2A3 = +1
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2 A2 (B1)
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Using (B1)
2 = (B2)

2 = (B3)
2 = 1 realists make a prediction:

A1A2A3 = +1

The experimental results allows us to predict 
the value of property A and B of any of the 
particles without disturbing it. These 
properties are the elements of reality.



Some properties of the spin map 

A mathematical interlude

•
(ω̂x) | →>= | ↑>

•
(ω̂x) | ↑>= | →>

•
(ω̂y) | →>= i| ↑>

•
(ω̂y) | ↑>= ↓i| →>

2

• A state of the system is described by a vector in an abstract space

|ω >

• Since a state is a vector therefore if |ε > is another possible state of the
system then

c1|ω > +c2|ε >

is also a possible state of the system.

• The states encode the observable properties of the system in their behavior
under linear maps.

• For every observable property S of the system there is a map Ŝ and special
states with the property

Ŝ|S >= s|S >

where s is the value of the property S as measured in an experiment.

• To describe the spin along the z axis for a particle like an electron, we
have a map Ŝz and two special states

Ŝz| →>=
1

2
⊋| →>

Ŝz| ↑>= ↓1

2
⊋| ↑>

• Any other state can be written as

|ω >= c1| →> +c2| ↑>

• If we measure the spin along z axis then there is |c1|2 probability that it
will be 1

2⊋ and |c2|2 probability that it will be ↓ 1
2⊋.

State vector of a “molecule” with zero spin that is made of two spin-half “atoms”
A and B :

|E >=
1↔
2
(| →>A | ↑>B ↓| ↑>A | →>B)

• A general state vector of the moleculue is a linear combination of pair of
vectors

{| →>A | →>B , | →>A | ↑>B , | ↑>A | →>B , | ↑>A | ↑>B}

• The molecule in state |E > has a well defined value of spin along z direc-
tion, which is zero but the atom A and B do not have a definite value of
spin along z direction.

Ŝi =
1

2
⊋ϑ̂i
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The Experiment: QM Analysis

|ω >=
1
→

2
(| ↑>1 | ↑>2 | ↑>3 ↓| ↔>1 | ↔>2 | ↔>)

Three particles are in a superposition where either all three spin up or all three spin
down - with opposite signs (phases) for the two possibilities. Measuring any one

particle instantly determines the other two.

A1 ↗↘ (ε̂x )1 map related to the observed property of spin along x axis of particle 1

B1 ↗↘ (ε̂y )1 map related to the observed property of spin along y axis of particle 1

similarly for particle 2 and particle 3.

One can show that

Â1B̂2B̂3|ω >= +1|ω >→ |ω > is a state in which A1B2B3 has definite value +1

B̂1Â2B̂3|ω >= +1|ω >→ |ω > is a state in which B1A2B3 has definite value +1

B̂1B̂2Â3|ω >= +1|ω > → |ω > is a state in which B1B2A3 has definite value +1

and
Â1Â2Â3|ω >= ↑1︸︷︷︸

measured value

|ω >

therefore QM predicts

A1A2A3 = ↑1



The Results of the Experiment 

A1A2A3 = − 1

Farewell elements of reality!



Its Quantum all the way?

Conclusion?

“Still, the philosophy of Zurek’s approach seems right to me … why not patiently and carefully work through what 
standard quantum mechanics can say about how information regarding a quantum object gets out into the 
observable world? Here the quantum pioneers left a lot of work unfinished in the revolution they started a century 
ago, prematurely foreclosing the issue (usually by insisting on the Copenhagen interpretation or just accepting it 
without question). Now we can at least hope to complete that task.”


Philip Ball Quanta Article 

https://www.quantamagazine.org/are-the-mysteries-of-quantum-mechanics-beginning-to-dissolve-20260213/

